Introduction
Suppose 1 n ∞ and let {T j } n j=1 be a row contraction on some complex Hilbert space H. This means that {T j } n j=1 is a sequence of bounded operators on H such that n j=1 T j T * j I H . We define
F (T ) = X ∈ B(H):
n j=1 T j X T * j = X and call it the space of T -Toeplitz operators. It is obvious that F (T ) is a selfadjoint weak * closed subspace of B(H). This space has been studied in several papers, see for instance [6, 16] and the references therein. In [6] it was shown that, if . A very detailed study of this space in connection with the ergodic properties of completely positive mappings was given in [16] . In particular, for an arbitrary row contraction {T j } n j=1
it was proved that every positive element in F (T ) can be lifted to a positive element in the corresponding fixed point space of the minimal isometric dilation of {T j } n j=1 and moreover this lifting is norm preserving.
In this paper it will be shown that F (T ) is completely isometric to the commutant {{R j } n j=1 } of the Cuntz part of the minimal isometric dilation of {T j } n j=1
. We also show that this complete isometry can be extended to a * -homomorphism
and provide an asymptotic formula for the lifting.
The main ingredients of the proof are the lifting theorem for positive elements in F (T ) from [16] mentioned above together with a well-known theorem of M.D. Choi and E.G. Effros [8] on the structure of completely positive and completely contractive idempotents on B(H). The Choi-Effros theorem says that the image of any such idempotent mapping is completely isometric to a C * -algebra and provides a formula for the multiplication. In our case, a completely positive idempotent is constructed using a standard averaging process such that its image is precisely the space F (T ). This construction has been frequently used in the past for studying fixed point spaces of completely positive mappings. We will give more details and references in the next section.
Preliminaries
The following result is well known, see the proof of Lemma 2 on p. 286 in [2] . A similar result for amenable semigroups of completely positive maps on dual operator spaces is given in [5] . [12, 13] .
A short survey of these topics is also given in [3] . The non-commutative Poisson boundary has been recently used in [4] in the study of asymptotic lifts of completely positive maps on von Neumann algebras.
Let K be a complex Hilbert space. A sequence {V j } n j=1
of bounded operators on K is called a row isometry if each V j is an isometry and
is called a Cuntz isometry. On the other hand, if
is called a pure isometry. It was proved in [15] that every row isometry can be expressed uniquely as the orthogonal sum of a pure isometry and a Cuntz isometry, either of which may be absent.
It was proved in [19] (for n = 1), in [11] (for n = 2), in [7] (for n finite) and in [15] (for n = ∞), that for each row contraction {T j } 
is unique (up to a unitary equivalence), and it is called the minimal isometric dilation
. The following important result proved in [16] will be very useful in the sequel. [16] 
Theorem 2.3. (See
.) Let {T j } n j=1 ⊂ B(H) be a row contraction, let {V j } n j=1 ⊂ B
(K) be its minimal isometric dilation, and let F (V ) ⊂ B(K) be the space of V -Toeplitz operators. Then for every X ∈ F (T ) with
The proof of the following lemma is rather straightforward and it will be omitted.
⊂ B(K) be a row isometry and let [9] , the isomorphism class of O n (for either n 2 or n = ∞) does not depend on the particular choice of the underlying Hilbert space. We shall also denote by O 1 the commutative C * -algebra C (T) of all continuous complex valued functions on the unit circle.
A representation theorem
Let 1 n ∞ and let {T j } n j=1
⊂ B(H) be a row contraction on some Hilbert space H. Let
⊂ B(R) is non-zero [15] . Consider the operator Γ : R → H defined by
where S ⊂ K is the space of the pure isometric part of {V j } n j=1
. Then it follows from the dilation theorem that
The main result of this paper is the following theorem. It may be viewed as a non-commutative version of similar results for commuting row contractions proved in [17] and [18] . The difference is that the role played in [17] = I H , the fact that the mapping ρ appearing below is isometric was proved in [6] . 
and assume that F (T ) = {0}, equivalently, that the operator
and let λ : O n → B(R) be the unique * -representation such that λ(S j ) = R j for j ∈ Λ n . Then the following hold true: 
and let 
In particular it follows that θ(I) = Q . Now, according to Theorem 2.3 and using again Lemma 2.4 it follows that for each X ∈ F (T ) with X 0 there exists
is linearly generated by its positive cone this shows that ρ is onto. Obviously ρ is completely positive and contractive. It now follows from Theorem 2.2 that the mapping
is positive and unital. It then follows that it is also contractive. To show that ρ −1 is completely positive, it suffices to apply, for each m 2, the previous arguments to the row contraction {T
where
Therefore, the mapping ρ −1 • θ is completely positive. Since it is also unital it is completely contractive as well. This shows that ρ is indeed completely isometric and completely order preserving. The proof of (2) becomes now an easy consequence of Theorem 2.2 together with a well-known result from [14] that a unit preserving complete isometry between two C * -algebras is a * -isomorphism. 2
If Φ is a completely positive idempotent as in the proof of this theorem, then one can easily see that ρ • π = Φ on C * {I H , F (T )}. This shows that π is a Stinespring dilation of the restriction of Φ to C * {I H , F (T )}. However, it is not necessarily minimal. For instance, it was proved in [18] 
is a commuting row contraction, then the commutant of the range of the minimal Stinespring dilation of this restriction is an abelian von Neumann algebra.
Under the conditions of Theorem 3.1, it can be proved that the mapping Θ :
} is completely contractive and multiplicative and, moreover XΓ = Γ Θ(X) for every X ∈ {{T j } n j=1 } . A similar result was proved in [18] in the context of commuting row contractions, and that proof can easily be adapted to the present settings. . Proof. Let K(H) be the ideal of compact operators on H. Suppose first that the C * -algebra C * {I H , F (T )} is irreducible. It then follows that it contains K(H). Let
with F (T ) this implies that the Calkin map is isometric on F (T ) which contradicts the hypothesis. It follows that J = {0} that is π is faithful. This shows that F (T ) contains the identity and is closed under multiplication hence it contains K(H) which means that F (T ) = B(H). By Lemma 3.3 in [6] , this means that every operator T j is a scalar multiple of the identity. Assume now that C * {I H , F (T )} is not irreducible, and let H 0 ⊂ H be a nontrivial reducing subspace. We may assume that there exists a non-zero operator X 0 ∈ F (T ) which is not identically zero on H 0 . It then follows that the closed linear span of the set {A X 0 h:
The first part of the proof of this corollary is largely inspired from the proof of Theorem 2.1 in [2] , see also Remark 2 on p. 288 in the same paper. 
Consider now the Banach space B(N , M) of all bounded linear mappings L : N → M. This is also a dual space where the weak * topology (BW-topology) is generated by the seminorms
(see [1] 
and, by iterating
for every m 1. It now follows from Lemma 4.1 that
and, by polarization, we get the desired conclusion. 2
The main result in this section is the following theorem, which extends a similar one for commuting row contractions, proved in [18] . Its proof is very close to the one given in [18] . We include, for completeness, all details. 
has the following expression:
and R j = λ(S j ) for j ∈ Λ n . The following corollary follows easily from the previous theorem. An even simpler proof can be given using a compactness argument together with the uniqueness of the lifting. We leave the details to the reader. 
Proof

